I. INTRODUCTION
Let H denote a 3-graph which is a collection E = E(H) of 3-element subsets (called edges) of a set V= V(H), the vertex set of H. A star of k edges or, in short, a k-star is a 3-graph S, with k edges with the property that the intersection of each pair of the edges is equal to the intersection of all k edges and that this intersection has exactly one vertex. Let f(n, k) denote the smallest integer m with the property that any 3-graph having n vertices and more than m edges must contain a star of k edges. Duke and Erdijs [6] showed that ckn >f(n, k) > k(k -l)(n -2k) for k odd, >(kl)*(n-2k+ 1) for keven, where ck is some constant depending only on k.
Frank1 {9] proved that 3 k(k -1) n >f(n, k) > k(k -l)(n -2k) for k odd, > k(k -3/2)(n -2k + 1) for k even.
In this paper we will prove that, for k odd, we have k(k-l)n>f(n,k)>k(kl)(n-(5k+2)/3) 252 and, for k even, we have (k -l)(k -l/2) yt >f(n, k) > k(k -3/2)(n -k -2) + 2k -3.
Thus, for k odd,f(n, k) = k'n -kn + @(k3) and, for k even, f(n, k) = k*n -3 kn + a(n) + b(k3).
II. A WEIGHTING FUNCTION
The main idea of the proof rests on a weighting function which helps keep track of the number of edges. Roughly speaking, the weighting function distributes weights to pairs of vertices within each edge according to the frequency with which the pairs appear as subsets of edges.
We first partition the set F of all pairs of vertices in a 3-graph H into the three classes. We say a pair of vertices {u, V} is in A if z(u, V) = ~{w:{u,~,w}EE(H)}~>2k-1.
We say {u,v} is in B if 2k-1> Z(U, v) > k. A pair {u, U} is said to be in C if it is not in A or B.
Now we define a weighting function w : E(G) x F -+ R, the set of nonnegative reals, as follows: We will make use of the following theorem of Berge's [2] on maximum matchings in a 2-graph.
THEOREM A. In a 2-graph G, the number of edges in a maximum matching is equal to
where S ranges over all subsets of V(G) and c(G -S) denotes the number of odd components in the induced subgraph on V(G) -S in G.
Also we will use the following result on matchings and degrees [ 1, 51: THEOREM B. A 2-graph G on n vertices can have at most min(n(k -I), (k -1)(2k -1)) edges if G does not contain a matching of k edges and the maximum degree in G is at most 2k -2.
IV. AUXILIARY PROPERTIES
Here we will mention several important facts about graphs which do not contain a k-start as a subgraph. ProoJ Suppose the contrary. We have ui, 1 <i <k, such that {ui, v} is in A. Then for each i the set {y : {y, v, ui} E E(H),y Q {u, ,".., ukf} has at least k elements. Using Hall's theorem on systems of distinct representatives [IO], we can then construct a k-star with u as the center, which leads to a contradiction. Lemma 5 is proved. Proof. Suppose to the contrary that r1 + r-,/2 > 2(k -1). Since r, < k -1, we have r2 > 2(k -1) > 2 (may assume k > 1). We consider the neighborhood graph G of v in H.
By Theorem A we know that there is a ubset S of V(G) satisfying
If two of the connected components of G -S contain a vertex u with {u, v 1 in A U B, then
which is impossible.
We may assume all u with {u, v} E A W B are in one connected component of G -S. Therefore, we have >k-1.
This leads to a contradiction. Lemma 6 is proved. {u, v} is in B. Let yi, 1 < i < t, denote vertices y satisfying ( .v, u, u) in E(H). In particular, we assume z(yi, u) is nonincreasing; say, (yi, u] E A for l<i<a, {yi,u}EB for a<i<a+b, and {y,,u}EC for a+b< i<t<2k-2. This completes the proof of Lemma 7.
V. THE MAIN THEOREMS
Now we are ready to prove the main theorems. THEOREM 1. A 3-graph H on n vertices contains a k-star z,f H has more than k(k -1) n edges for k odd or has more than (k -l)(k --l/2) n edges for k even.
Proof. Suppose H is a 3-graph which does not contain a k-star. From Lemmas 2 and 3, we have k is even. There is at most one connected component C, containing q, q > k, vertices because of (*) and k being even. We then have Therefore,
This completes the proof of Theorem 1.
THEOREM 2. There exist 3-graphs which contain no k-star and contain k(k -l)(n -(5k + 2)/3) edges for k odd or k(k -3/2)(n -k -2) + 2k -3 edges for k even.
ProoJ First we consider a graph H, on n vertices for k odd described as follows:
Let G, denote the disjoint union of two copies of complete 2-graphs on k vertices, say K, and K,. Let V(H,) contain V(G,) and n -2k additional vertices, with E(H,) = {JU {v} :fE E(G,) and v E V(H,) -V(G,)} U{{v,,v,,v,}:{v,,v,,v,}cV(K,)fori=lor2}. Now, for ZJ E V(H,) -V(G,), the neighborhood graph of ZI in H is G,, which does not contain a matching of k edges. For o E V(K,), i = 1 or 2, the neighborhood graph does not contain a matching of k edges since we have ISl+i(n--IS]--c(G,-S))=k-1 by taking S=V(K,)-{v}. Therefore H, does not contain a k-star.
It is straightforward to check that
Now, suppose k is even. We then construct H, as follows: For v E V(H,) -V(G,), the neighborhood graph is G,, which does not contain a matching with k edges. For vi, 1 < i < k -1, all the edges in the neighborhood graph are incident to some vertex in {vk+i, vk+*,..., vZk-,} U {vj} -{v~+~}, where j= i -1 + 2(i -2/i/2]), and thus the neighborhood graph contains no matching of k edges (by applying Theorem A). For vk, all the edges in the neighborhood graph are incident to {vk+, ,..., vZk--l} and thus it contains no matching of k edges. For vi, k + 1 < i < 2k -1, all the edges in the neighborhood graph are incident to {vr,..., vk} -{viPk} and again it contains no matching of k edges. Thus H, does not contain a k-star.
It remains to check the number of edges in H,.
IE(H,)I = IE(G,)I (n -
This completes the proof of Theorem 2.
VI. CONCLUDING REMARKS
In this paper we obtained upper bounds and lower bounds for f(n, k) which differ by P(n + k3). It would be of interest to reduce this gap.
A generalized version of the problem we discussed can be stated as follows [6] :
Let f(n, I, k, t) denote the smallest integer m with the property that any rgraph containing m edges must contain a strong A-system of type (I, k, t); i.e., k r-edges with the property that the intersection of any pair of these k edges is equal to the intersection of all k edges, and the intersection has t vertices [7, 8] . Note that f(n, k) is just f(n, 3, k, 1). The problem of determiningf(n, r, k, t) is one of the fundamental problems in extremal set theory. However, relatively little is known.
Erdos and the author [3, 4] recently investigated a related extremal graph problem: An r-graph is said to be (n, e)-unavoidable if it is contained in every r-graph with n vertices and e edges. The problem just considered can be viewed as determining the maximum unavoidable stars or strong Asystems. However, in many cases, the maximum unavoidable graphs are not strong A-systems. In [3, 4] some exact results and some sharp bounds have been obtained for the number of edges in a maximum unavoidable graph for the cases of r = 2 and 3. Numerous problems on this topic remain unsolved.
Note added in proof P. Frank1 and the author have recently improved the bounds for f(n, k). In particular, it is proved that the value of f(n, k), for k odd, is equal to the lower bound for f(n, k) given in Section I.
